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Abstract

This article introduces the concept associated with Laplacian energy for first KCD matrix named as first KCD Laplacian
energy. Further, we investigate some basic results related to this concept and also develop significant bounds for first KCD
Laplacian energy.
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1. Introduction

The graph G considered in this article is connected, simple and undirected, having |[V(G)| = n and
|[E(G)| = m. The vertex degree of v; is represented as di. The graph G is regular if each vertex is of same
degree. For undefined terminologies refer [5].

In 1978 graph energy concept was brought forward by Gutman [3] . It defines energy of G as the
sum of absolute eigenvalues of G. Tremendous work on this concept is available in the literature [1, 9].
Recently various graph-energy-like quantities: Laplacian [4], distance [6] and others are studied.
The first Karnatak College Dharwad matrix i.e., first KCD matrix KCD(G) = [kcdlij] is defined
in [7] as follows
[ (di+d;)+de if vy is adjacent to v; ,
kedy; = { 0 ] otherwise. )

with d; and d; representing degree of vertex v; and vj respectively, d. is the edge degree given by
de = di +dj — 2. It is has order n x n.

The first KCD eigenvalues [7] of G are 31 > 32 > ... > Bn and the corresponding first KCD energy
Excp, (G) [7]is

n

Ekep,(G) =) _IBil. (1.1)

i=1
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If D(G) and A(G) are the diagonal matrix, adjacency matrix respectively, then the Laplacian ma-
trix [4] of G is L(G) = D(G) — A(G). with Laplacian eigenvalues being labeled as p1; > pp > ... > un.
The Lapalcian energy [4] of G is
2m

Hi———|.
n

i=1

The concept of Laplacian energy has numerous chemical applications. Various properties for this

concept are studied in [8, 9]. In consideration with the Laplacian matrix and laplacian energy of G, we
define the first KCD Laplacian matrix and first KCD Laplacian energy of G.

The Cauchy-Schwarz inequality [2] states, if (a, a, ..., an) and (by, by, ..., by )are n real vectors, then

(Bee) <(£4) (£9)

In the second segment, we introduce the first KCD Laplacian matrix and first KCD Laplacian energy
of G, followed by general basic results on them. Further, third segment establishes few bounds for the
first KCD Laplacian energy.

2. First KCD Laplacian energy

Definition 2.1. Let D(G) is the diagonal matrix and KCD1(G) is the first KCD matrix, then for a (n, m)
graph G, the first Karnatak College Dharwad Laplacian matrix Lxcp, (G) is defined as

Lkcp, (G) = [zi5] = D(G) — KCD¢(G).
It has first KCD Laplacian eigenvalues 111 > n2 > ... > 1y, in the non-increasing order, where 1; and 1y

are the highest and lowest first KCD Laplacian eigenvalues of G.
The corresponding first Karnatak College Dharwad Laplacian energy LEkcp, (G) is defined as

LEkcp,(G) = Z &l (2.1)
i=1

2m

where §; =13 —dwithd ="—,1 <i<n
n

The following lemma are used for calculating bounds of first KCD Laplacian energy.

Lemma 2.2. For a regular graph G,

LY m = 2m (2.2)

n n
2. Y mf = ) Bi+) di (2.3)
i=1 i=1

Proof. Consider,

n
> mi = trace(Lkcp,(G))
iz1
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Now,
n
> ni = trace(Lkcp,(G))?
i=1
n n
- 33 s
i=1j=1
n
- 2 Z Z%] + Z Z’%‘i.
i<j i=1
n
= 2) (di+dj+de)?+) d?
i<j i=1
n n
= ) B+ &
i=1 i=1
O
Lemma 2.3. For a reqular graph G,
n
i) Z & =0 (2.4)
i=1
n n n 5
i) > & = B, where B=) pI+) (di—d) . (2.5)
i=1 i=1 i=1

Proof. Consider,
mn

iai =Y (-d)

i=1

Using Eq (2.2), we have

Z&i = Zﬂi_zm
i i=1

i=1 i=1

Using Eq. (2.3), we get

D NIDR FED R T
i=1 i=1 i=1 n i=1 n
n n

- Y ey (o)
i=1 i=1

mn mn
= B, where B = ZB%—I—Z (di—a)z.
i=1 i=1
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Lemma 2.4. For a regular graph G,

LEkcp,(G) = Exep,(G).
Proof. The regular graph G satisfies
Ni—d = —Pn_it1, 1<i<n

Substituting Eq. (2.6) in Eq. (2.1), generates

3

LExcp,(G) = Z‘a—ﬁnqﬂ—a‘
im1

= Z |_ani+l‘
i=1

= Excp,(G).

3

Remark 2.5. If G is a regular graph, then n,, = 3r— 4r2,

Remark 2.6. For a graph G, n, < d.

3. Bounds for the first KCD Laplacian energy

Theorem 3.1. For a regular graph G,

B(n—1)
—
Proof. Let a; =1 and b; = &; for each i =2, 3,

& <

n

n 2
(Z &) <m-1) &
i=2

i=2

Using Eq. (2.4),

noo\2
(Z Ei) = (—&1)°
i2

and From Eq. (2.5),

D &=B—&
i=2

Substitution of Egs. (3.2) and (3.3) in inequality (3.

Theorem 3.2. For a regular graph G 2 Ky,
VB < LEkcp, (G) < VnB.

..., in inequality (1.2), we have

1) generates the desired result.

(2.6)

(3.1)

(3.2)

(3.3)
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Proof. Let a; =1 and b; = [&;] in inequality (1.2), generates

n 2 n
(Z|Ei|> <n) |&P
i=1 i=1
By using Egs. (2.1)and (2.5) in inequality (3.4), we get

I—EKCDI(G) < vnB

Further, since

n 2 n
(Z |Ei|> >3 &
i=1 i=1
Again using Egs. (2.1)and (2.5) in above inequality, we get

LEKCDl (G) > \/E
Combining Egs. (3.5) and (3.6), gives the required result.

Theorem 3.3. For a graph G,

n+1

LEkcp,(G) = 2m <> :
n

Proof. Consider

n
LExcp,(G) = Z!m—a}
im1

n
> ) mi+d
i=1

With the help of Eq. (2.2), we arrive at

n+1

LEkcp,(G) = 2m () .
n

Equality for inequality (3.7) holds when G = K.
Theorem 3.4. For n > 3 and reqular graph G 2 Ky,

n +B
LEKCDl(G) > &
N1 +Mn
Proof. Let
i —d| =Y =&l
Consider

n

i=1 i=1 i=1

This implies

n n n
MM ) 1—Mmi+na) ) Yi+ ) Yi<O.
i=1 i=1 i=1

n n n
Y m—Y)mn—Y) = D> nmn—) Mm+na)Yi+) V<O
io1

(3.4)

(3.5)

(3.6)

(3.7)
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With the help of Egs. (2.1) and (2.5), we arrive at
niMn — (M1 +1n) LEkep, (G) + B < 0.

On rearranging, we obtain the required result.

O
Theorem 3.5. For a regular graph G,
n—1 B
LEkep, (G) =M1 —nn+ ) Mi—d (3.8)
i=2
Proof. Asn; > 0 and nn, < 0, by Definition (2.1),
n —
LExcp,(G) = Z i —d|
i=1
= [m—d+n—d+3 ni—d
i=2
n—1 -
= M-+ ni—d|.
i=2
O
Proposition 3.6. For a regular graph G,
LEKCDl(G) >2d
Proof. Consider Eq. (3.8),
n—1 -
LExcp,(G) = mp—mn+ Z Ini —d|
i=2
n—1 -
= m-—nn+|) mi—d
i=2
= M —Nn+[2m— (M1 +1n) — (n—2)d|
= M1 —Nn+[2d— (1 —nn))|
= M —Nn+2d— (M1 —nn)
— 2(d—nn) >2d
O

4. Conclusion

In this article, first KCD Laplacian energy is brought forward as a contribution towards the energy
concept in graph theory. Particularly, we define first KCD Laplacian matrix and corresponding first KCD
Laplacian energy. Further, we notice that for regular graphs there is equality relationship between first
KCD Laplacian energy and first KCD energy. To conclude, an attempt has been made to provide few
bounds for LEkcp, (G)
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